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ABSTRACT:In this paper, an analytic homogenization model for the torsion problem efifalute sandwich
plates is presented. It is very difficult to determine the torsion rigidity of these kinds stflBures even
numerically because of the boundary condition effects. Based on the dridworogenization model of
Timoshenko, plate torsion is divided into two beam torsions. The plate torsi@atwe is separated into two
beam torsion rates and the beam torsion rigidities in these two directionsteorduced to describe the torsion
behavior of the orthotropic plates. The proposed analytical homogenization tme$ replacing the 3D
folded core sandwich by a 2D homogenized plate. This model is validatechpgromy the results of Abaqus-
3D and H-2D homogenization model, confirming the accuracy and effectivenesspobgbeed model. This
torsion homogenization model can be used not only for corrugatetaand packaging structures, but also for
naval and aeronautic composite structures.

Keywords. Analytic homogenization, torsion rigidity, orthotropic sandwich plates, foldesl co

Date of Submissior02-10-2017 Date of acceptarice10-2017

I INTRODUCTION

Sandwich structures have been used over a long time applications wheregtiteofvthe member is
critical, such as packaging, civil, naval, automotive and aerospace ieguiie to their low mass to stiffness
ratio and high impact absorption capacity [1]. As designers in thepbation industry strive to reduce fuel
consumption and improve safety, composite sandwich structaegrtivide improved stiffnes®-weight ratio,
are becoming an attractive alternative to metals for mass transport applicatiedsiction in structural weight
of one large component usually triggers positive synergistic effectsttier parts of the vehicle. Therefore,
using composite sandwich structures not only reduces weight, themplgving fuel economy and increasing
payload capacity, but also enables the design of aerodynamic, stable veftitladow center of gravity [2].
Some instances of their applications in daily life are corrugated caddpaaels used for packaging, folded
core sandwiches used as structural floor and roof panels, metal corrugdsedutds, automotive chassis and
bumpers. In nature, where mechanical design required to be optimizedjctasttuctures are used such as the
human skull, which is made up of two layers of @deesmpact bone separated by a “core” of lower density
material [3].

Folded core sandwich is one of the materials most used to make partitimw$soinrconstruction or
automobile. The manufacturing process gives three characteristic diredtiensathine direction (MD), the
cross direction (CD), and the thickness direction (ZD). Folded core gnglate are produced by a converting
process in which three or more layers are laminated together. The flat agecalled liners and the folded
cores are referred to as flutes (Fig. 1). The numerical modelling &itici©f three-dimensional (3D) structures
is too tedious and CPU time consuming, it will be more efficient to usédBogenized equivalent plates.
Analytic homogenization is an efficient and accurate method, but it is oftétedi to simple cases. The
numerical homogenization approach is commonly used for calculatingiedfe@idities, but this tedious
procedure should be redone for every new section structure anduhdaby conditions on a representative
volume element are often difficult to define [4]. There are many hemipgtion models obtained by analytical
methods [4-6], numerical methods [8, 9] and experimental metlBodq. [Many studies have done for tensile,
bending, in-plane and oof-plane shear problems, but research on torsion remains a major challenge.
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Fig. 1. The model of folded core sandwich plate

Timoshenko and Woinowski-Krieger [10] have proposed an expredsiotending and torsion
rigidities for various specific cases, such as reinforced concrete plglyod, corrugated sheets and slabs,
plywood, corrugated sheets, and plates reinforced by stiffeners. Ugilifélgs also come up with some similar
formulas for the rigidities of several plates. An interesting application fouriseifook of Timoshenko and
Woinowski-Krieger [10] is the torsion model for a gridwork systémat allows leading the equivalent
homogeneous plate. Timoshenko and Woinowski-Krieger proposedasieg the plate torsion problem into
two beam-like torsion problems. A torsion test and an analytical farfion measuring and calculating the
torsional rigidity of a corrugated cardboard were proposed hyni#er and Poustis [12]; however, Carlson et al.
[6] has shown that the torsional rigidity is highly dependent ositeeof the cardboard, in that a larger sheet is
more rigid than that given by the formula. In other studies, tfgoto stiffness was calculated by integrating
through the sheet thickness according to the theory of laminate platesvédpiveshould be noted that this
theory is only valid for continuous thickness, for sandwich pasigismany hollow cavities such as folded core
plates, it should be considered them as intermittent 3D structures, and thereforefttewmipate plates should
be adjusted [5].

In this paper, based on the theory of anisotropic plates of Timostamnka&Voinowski-Krieger and
their homogenization model on gridwork system [10],the plate torsidecemposed into two beam torsions in
two directions: the plate torsion curvature is separated into two orthbgpeam torsion rates and the beam
torsion stiffnesses in both directions are used to describe the tbedianior of the orthotropic plates. These
beam torsion rigidities can be easily determined analytically by beamytbedry numerical methods using
finite elements. The results obtained by the H-2D homogenization modmirapared with the results obtained
by the 3D Abaqus model showing the accuracy and effectivenéss pfoposed model.

. TORSION THEORY OF ORTHOTROPIC PLATESAND ANALYTIC
HOMOGENIZATION MODEL
In the classic theories of plate, the law of torsion behavior is written as $ollow

_Mxy:Myx:DBBI(xy (1)
whereDg; is the torsional stiffness per unit width of the platgis the torsion curvature:

ny = _2W'><y (2)

ny:ﬂx’y+ﬂy’x (3)

wherew is the transverse displacement of a pdirdn the mid-surface of the platg, is the angle of rotation

from z to x of the normal of the plate & f, is the angle of rotation frozto y of the normal [13]. It should be

noted that we use (2) for thin plates according to theory of Kirchhofffartiick plates, we use (3) by theory
of Mindlin. According to these definitions, we have the following retetio

ﬂx :Hy ; ﬁy:_ex (4)
whered and €, are the angles of rotation arouxdndy respectively.

The classic theories of plate return to assuming a single torsion curvedwg 6r S, +f,.x) and a single
torsion stiffness@s3) for torsion moments-M,,=M,,) on the sections irandy.
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Fig. 2. The internal forces and moments in an elementary surface of a plate
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Considering a plate subjected to a vertical distributed tpadthe coordinate system in Fig. 2, we have the
differential equation of equilibrium [10]:

M —H\/Iyx’xy'HvI y1yy_|vI Xy xy:_q (5)
For an orthotropic plate, the three in-plane stresses and the corresponding{tersion moments are:
o =Ee&+Ee,=-2(Ewy+ E w,,

X IXX

o,=Ee,+Ee,=—2(E W+ E W, (6)
Ty = Gy yy=—2GzW,,
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where the Young modulus, andE,, the shear moduluS, and the Poisson's coefficient, must be determined
experimentally.
Substituting equation (7) into the differential equation of equilibriumg) obtain the following equation for
an orthotropic plate:

DyW oy t2( D+ 2D, W, i D W, = € (8)

where D, represents the Poisson effect of the bending on the torsionureraaioD,, is the torsion stiffness of
the considered plate.

We note that the distributions of strains and stresses are not necessarilthtimegh the thickness in the case
of sandwich plates with cavities such as folded core sandwich plate. Thevefarannot use the integration in
equation (7) to calculate stiffnesses as in the case of laminated plates.

"‘lol o

Fig. 3. Torsion model of a gridwork system

Timoshenko et al. [10] proposed a homogenization model for the tabmgyridwork system in order to
take into account the different torsion stiffnesses accordingaondy (Fig. 3). The torsion stiffness of each
beam was calculated according to the classical beam theory and thentétubiformly over the intervalsy
or by), respectively:
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Mxy :%HXU(: GJx vax
b, by
Gj Gj

M, =20, =——w, (©)
a a

W’yx= W,)<y

whereGjy is the torsion stiffness of each beam alen@j, is the torsion stiffness of each beam algng,,.and
8,y represent the torsion rates arouwndindy, -2w,jis the torsion curvatureM,and M, are the torsion
moments per unit length; anda; are the intervals between two beams alwagdy respectively.

It should be noted that: 1) beam torsion rates in both directions at&ca€t,,=w,y ;&,,=-W,,) and
equal to one half of torsion curvaturesg)of the equivalent plate; 2) the torsion stiffnesses of beams in two
directions can be very different, but their coupling gives a unique torstifimess of the equivalent
homogenized plate.

Substituting equation (9) into the differential equation of equilibrium (5)lain the following equation

[10]:
i i. Gj E,i
S S %o S
whereE, i, is the bending rigidity of each beam aloqd, iy is the one along.

If we compare equation (10) with equation (8) (wlih=0), the torsion stiffness of the equivalent
homogenized plate can be obtained:

i Gj GJ

xyzi ij + Jy :1' G‘]x + y (11)
4 b @ 4 b a

whereGJ, andGJ, are the total torsion rigidities of all beams alorand alongy respectively.

We can deduce important conclusions: 1) Torsion stiffnesses in both dise¢ds beams without
coupling) are different, which leads to two different internal torsion emis 2) In the homogenized plate,

these two torsion rigidities are coupled and give the only torsion rigieit, =M =Dy, . 3) The

ryyyy~ (10)

torsion stiffness of the plate is not a simple sum of the rigidifiea/o beam torsions, a factor of ¥4 originated
from the coupling effect. By using these conclusions, the congalkeulation of the torsion stiffness of folded
core sandwich plates becomes very simple.

When we impose a torsion angle(aroundx) on the gridwork (length = a alongx, width B = b alongy),
we obtain a torsion raté,.=w,y,= /L aroundx and also an equal torsion radg=-w,.~- /L aroundy. Using
the Clapeyron theorem [15], the work of the external moment is equa tatéhnal energy of deformation:

L. 2 B . 2 GJ, GJy 2
M.6, = L Gi, (6,.,) dx+j0 Gi,(8,.,) dy= IA(?+T (w,) d (12)
Inthe equivalent homogenized plate, the equation of energy can be written as:follow
2 2
M., = j Dy, dA= j Dy(-2w,,) dt (13)

where (2w,,) = &y iS the plate torsion curvature, which can be divided into two equal bwaion rates

(W,y= & andw,,=- &,,,). By comparing equations (12) and (13), the same formulatésned for calculating the
torsion stiffness of the equivalent plate:

1(GJ, GJ,
%28 "L -

We note that in the case of Mindlin's theory for thick plates, the torsion crevatuequation (13) is
replaced by equation (3).

[1. CACULATION OF THE TORSIONRIGIDITIESFOR FOLDED CORE
SANDWICH LATES
For folded core sandwich plates, numerical simulations with beam elememisdsithat it has two
very different torsion rigidities on theID and CD sections. For th€D section of folded core sandwich, the
torsion aroundjis considered as the torsion of a beam having a closed thin-walled sectiposea of several
cells. The finite element calculations showed thatNti2 section was an oped section having a very small
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beam torsion rigidity. Finally, an analytical solution was obtained for this a@mnplicated torsion problem by
neglecting the torsional stiffnes4D [4]:

Xyzi Gdyo +GJCD ~ GJyp (15)
4\ B L 4L
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Fig. 4.Geometry ofCD section of folded core sandwich plate

Based on the Bredt torsion theory for the structures having a thinegtithrs with several closed cells

[16] and the finite element calculations, it has been shown that the flow shéar stress is very low in the
internal walls when the folded core sandwich is very wide (for exarBpl@eriods). Thus the secti@D can
be considered as a section with a single closed cell and we have an analytickl forrthe torsion rigidity of
the homogeneous plate [4]:

Gl, 4%° LK HGEtGt
x 2o - ~ (10 L) (16)
YooaL 4L[ﬁ ds L L _ 21 Gt+G*

Gt Gt Gt° G
where the superscripts b, andc correspond to the lower layer, the corrugated core layer and the upper layer
respectively;G andt are shear modulus and thickness of layers respectivelgd| are the length of the plate
and the length of one-half of a period of folded core (Fig. 4).

The length of one-half of a period of folded corecan be defined awiiogo

D

| = (h")2 Jr%2 (17)

V. NUMERICAL VALIDATION OF HOMOGENIZATION MODEL

To validate the proposed homogenization model (H-2D Model), we used a &aloeedandwich plate
of lengthL = 320 mm, widtHB = 280 mm, andCD section as shown in Fig. 4 (wWitke 4 mm,t* =1° = 0.20 mm,
t* = 0.15 mmanB = 8 mm). The material properties of each layer are given in Table teHéran be easily
calculated the torsion rigidity of the plate according to equation (1B}as 788.96 Nmm. First, we discretize
the three layers of the folded core with the S4R shell elements in &baqiotain the Abaqus-3D model; then
discretize the mid-surface of the folded core sandwich plate by the S4R shedn&leassociated with
homogenization model (using the "user's subroutine UGENS" [17])téonathe H-2D Model. The comparison
of the results allows demonstrating the effectiveness and accurdeymiposed homogenization model.

Table 1. Parameters of the layers forming the folded core sandwich

Enn(MPa) | Ex(MPa) | Gi(MPa) Vi2
Layera | 2372.6 704.2 493.1 0.377
Layerb | 1094.7 856.4 165.9 0.421
Layer c 2372.6 704.2 493.1 0.377

In two types of simulation (Abaqus-3D and H-2D Model), a rigid platttsched to one side of the
folded core sandwich to better apply torque. Calculations by the H-2D mededrgrfast, while the Abaqus-3D
calculations take a lot of time. The comparison of the results obtained by thmddels as well as the
percentage error of these results is presented in Table 2. For tordD &nd CD section, we find that
Abaqus-3D simulation uses more than 11 times of the CPU time compating H-2D model. The numerical
results given by the two models are nearly identical. The torsion restd® iand CD sections are slightly

Pagels3
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different due to the boundary effects. Indeed, if we increase thefdize plate several times, the results will
give the smaller error.

Table 2. Comparison between Abaqus-3D and H-2D Model for torsion in MDGID section

M=1000 Nmm MD Torsion CD Torsion
Torsion rigidity Torsion angleé, CPU Time Torsion angle CPU Time
D33=788.96 Nmm (rad) (s) 0, (rad) (s)
Abaqus3D 0.17379 52.8 0.1656 53.7
H-2D Model 0.17368 4.8 0.1623 4.9
Error (%) 0.06 11 times 1.97 11 times

U, Magnitude Abaqus'sD ZD-3 U, Magnitude H-2D Model
+2.433e+01 i +2.432e+01
+2.231e+01 CD'}', 2 +2,229e+01

+2.026e+01
+1.824e+01
+1.621e+01
+1,418e+01
=t +1.216e+01
+ +1.013e+01
+8.105e+00
+6.0704

+2.028e+01
+1.825e+01
+1.622e+01
+1.412e+401
+1.217e+01
+1.014e+01
+8.111e+00

MD-x, 1

Fig. 5. Displacement and deformation of the folded core sandwich under tar$iid section

Thedeformation shape and displacement values of the folded core santhticloliained by the
Abaqus-3D simulations and the H-2D homogenization model are shokig.ib. We see that the Abaqus-3D
model give the results are very close to the H-2D homogenization mddetomparison shows that the H-2D
model proposed for folded core composite panels is quite accurate and effectiv

V. CONCLUSION

In this paper, an analytical homogeneous model for folded core sanpiaiels in torsion has been
proposed. The comparison of the results obtained by the Abagusi®Brical simulations and the Abaqus-
Ugens 2D model has demonstrated the accuracy and effectiveness mfpgbeed homogenization model for
the folded core sandwich plates under torsion. The homogenization modea til@gnificantly reduce in the
time required for building a geometry model, the finite element modeling timelhas the computational time
for the folded core sandwich plates. This model can be easily applied to caroptpwsite panels made of
different materials, depending on the purpose of use in areasasuplackaging, construction, navy, and
aerospace.
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